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Introduction
Introduction

In the classical theory of the characteristic classes of codim=n foliations,
the cohomology of the Haefliger classifying space BI',, serves as a universal
repository but the actual metadata for their geometric construction is
stored in the differentiable cohomology H};(Bl',). In turn the latter is
computed by means of the Gelfand-Fuks cohomology H} (an, O,,) of the
Lie algebra of formal vector fields on R”, or equivalently by the
cohomology H*(W(gly, On)n) of the truncated Weil algebra of gl,.

My goal here is to illustrate how a similar pattern is present in the
noncommutative approach to the geometry of the leaf-spaces of codim=n
foliations, with HP*(H,, Opn; C5) assuming the role of H} (a, O,) and
HP*(2*(GLy), d), that of H*(W(gls, On)n), and also to propose a
candidate for the differentiable cyclic cohomology of the convolution
algebra C2°(T',). Although the basic constructs are not new (cf. next
slide), this viewpoint serves to unify them and at the same time brings to
light an avatar of the Thom isomorphism in Hopf cyclic cohomology.
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Classical setting

GF isomorphism

o Lie algebra _{_ (X1, X )8ii;ﬁ€R[x1,...,xn]]};

o Weil algebra (gln) = Agly, @ S(gl3) ;

o Wi(gly))m= W(gl,)/S™(aly)W(gl,) truncated Weil algebra ;
e W(glh,On)m DG subalgebra of Op-basic elements in W(gl,)m-

e The canonical connection and curvature forms 19J’: € CX(a,) and
R’ = d19’ + 94 A 19" € C?(a,) generate quasi-isomorphic DGSA
CW*(an) C C*(a,,) resp. CW*(a,, On) C Ck(an, On),

e Sending the canonical basis § = (01’) of glf to ¥= (191’) gives rise to
W(gln)n = CW*(a,) and W(gl,, On)m = CW*(an, O,), which in turn
induce H* (W (gln)n) = Hz (an), resp. H*(W(gln, On)n) = H; (an, On).
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Jet bundle and invariant forms

o {Q*(F®*M)Y,d} = de Rham complex of Diff(M)-invariant forms on
the frame bundle of the smooth manifold M", G = Diff(M),

FAM = JEM = k — jets at 0 of local diffeos p:R" — M
M+« FM = FIM « F?M « ...
PM = FKM/O, M« P*M < P?M « - --
peG actsby ¢-jg°(p) :=Jjo (¢op).
o For v €an v=j5 (% [e=othe) , with t—:R" > R" let
V |jso(0)= J6° (% lt=o (poty)) ; for we Can), let
OV, ey Vm) =w(Viy ..oy Vim).
@ The assignment w +— @ induces DGA isomorphisms
{Ce(an), d} = {Q*(F*M)9, d},
{C(an, On), d} = {Q*(P*M)Y,d}.
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- .
e Simplicial manifold  AgM = {AgM|[p] = GP x M} >0 ,
o(P1,-- -+ Op, x) = (2,...,dp, X),
(o1, bps x) = (01, 0ibit1,- - Pp,x), 1< i<p,
8p(¢17-~’¢p7 ) (¢17“'7¢p—17 ¢p(x))7
oi(d1,. . ¢p, X) = (01,..., 01,1, 0ik1, ..., 0p,x), 0<i<p.
e Bott complex {C*(G,Q*(M)),0,d} w(d1,...,0p) € QI(M)

ow(o1, ..., Ppt1) = w(d2,..., Ppy1) +

2( 1Yew(91, . Gidiss, - Gpe1) + (~1)P G 10(@n, ., dp):

e Geometric “thick” realization |AgM| = H AP x AgM[p]/ ~
p=>0
@ Dupont complex of compatible forms  {Q*|AgM|, d}

w={wpltp>0, wp€ Q*(AP x AgM|p]) such that
(e x Id)*wg = (Id xpu*)'wp, V€ A(p,q).
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Differentiability := continuity w.r.t. jet topology

e Differentiable Bott cochain: locally

w(P1,. .., 0p)(x Zf,(x Jxk(o ..,j)lf:(¢p)> dx’,

where f; 4, resp. f; depend smoothly on finite order jets, and
x1 = $2(x2), -y Xp—2 = Pp-1(Xp-1), Xp—1 = Pp(Xp), Xp = x.

e Differentiable Dupont form: similarly,

Wp(t; ¢1, B ¢an) Z f/ J ( X Jx1 ¢1) .. 7j>,$(¢p)) dt’ A dXJa

Cf. [6] (after Dupont)

The chain map j{ :QY(|AgM|) — C3(G,Q2(M)) induces an
A.
isomorphism  H$(|AgM|,R) = HS (Mg, R).
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e Choice of a torsion free connection V gives rise to a cross-section to
m : FM — FM, namely  og(u) = j§°(expy ou), u € FM.

e Define op(t; 1,...,¢p,u) = ose tr_vqb,(u), where ¢ =1 =1d.

Using oys = ¢ Looyogp, Vo € G, one sees that {0, }p>0 defines a map
v | AgPM| — P=M.

e The chain map w € Cl(an, On) — 55(@) € Q3 (JAgPM|) induces
quasi-iso of DG-algebras, and therefore so is the map so the map

w € Can On) = D(w) = 72 55(@) € CI* (G, Q0 (PM)).
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Connes’ transfer map to cyclic cohomology

DGA: B(M,G) = Q:(M)& N"C[G"], G’ = {ep ¢ € G, but e = 0};
differential: d(w®e) =dw)®e, €€ A*C[F].

BBDGA: C(M,G) = B(M, G) x G with multiplication dictated by the rules

UsgwlUy, = p*w,  UZepUy = €pp —€p,  and with  differentials:

d(bU,) := (db)U, , 6&(bU,) := (—1)%&l(be,)U,, d:=d+3.

e Given v € C{(G,QP(M)) define 4 € C(M,G)" by A(bU}) = 0 if ¢ # 1,

and if ¢ =1 by Hlw® €py - .- €p,) :/ (1, 01...,0q) Aw,  with
- M

5 € CI(G,QP(M)) the totally antisymmetric homogeneous lift of ~.

[A. Connes, Noncommutative Geometry (1994), Lemma 111.2.13 ]

A, B] = (~1)%€%6y(adf), A(da) =0 and dy(a) = 4(da).
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Hopf algebra setting

Definition of ® : CRY(G,Q*(M)) — CC™(C°(M) x G)

0 my _ j(m—j) +1 m 042t ...doy
d(7)(a%...,a"m) m+1)|2( 1Y(m=NA(dad ... da™ &Odat - - - d),

where d = d + 6, m—dlmM p+q anda’...,am € C*(M) = G.

[A. Connes, Noncommutative Geometry (1994), Theorem 111.2.14 ]

®: CyH(G,Q2*(M)) — CC*(C(M) x G, b+ B) is a chain map whose
image lands in the subcomplex { CC*(C2°(G)), b + B}y localized at the
units. The induced map in cohomology gives a canonical isomorphism

Zqzo(mon) HCI(MQ) = HP* (CCOO(M) A g)[l]

This holds more generally for any étale smooth groupoid T, with the
subcomplex C\'™" replaced by the subcomplex of normalized cochains C,”*
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Hopf algebra setting

Empirical definition of algebra H,

° /\/I FR" .= ]R" x GL,, PR FR"/O,,, V =d, G,=DiffR",
=2 52 horizontal and YJ vt a vertical vector fields,

dual to the canonical forms 6% and connection forms wJ’-.

e Given v € Im(D), ®(v)(a%...,a") =, 7(a®hl(al)... hi(a%))
with S ht @ ... @ hd € Hy9 (defined below and on next slide).

e hd € H, := unital subalgebra of £(C>(FR" x G,)) generated by
Y{(fUg) = Y (F)UZ,  Xi(fUg) = Xu(F) U, 5}-'k(.fU¢’§) = (D) U,
with ()%, y) = (y - &/ ()7 0,0/ (x) - y) ¥k-

How they appear:
df = Yp_y Xe(F)Ok + Y.y Yi(f)wl,
U df U = S3_y(X(f) 0 8) 0% + 7,1 (Y () 0 6) (] + 1i(#)6) .
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Hopf algebra setting
‘H ., as Hopf algebra

e 7, is a Hopf algebra, with counit ¢(h) = h(1), coproduct uniquely
determined by the Leibniz rule:  Va,b e C®(FR" x G,)
A(h) = Z h(l) & h(z) iff h(ab) = Z h(l)(a)h(z)(b),

and antipode  S(Y/) = =Y/, S(Xk) = —Xu + i Y], S(5) = 0.

o 0:Hy—C with 8(Y/) =5/ 6(Xx)=0,06(5},) =0 isa character.

V.

The canonical trace 7 : C(FR" x G,) — C
T(fUe) = / fvol and 7(fU,)=0 ifyp#e=1Id,
FR?

is 0-invariant with respect to the action of H, :

7(h(a)) = (N 7(a), € CX(FR" % G,), he Hp.
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Hopf cyclic complex

Tautological definition of Hopf cyclic complex

The map  xq: Hy 9 — CCI(CX(FR" x G,)) defined by
Xq(h' @ ...® h9)(ag, a1, . ..,aq) =7 (aoh'(a1) - - - h9(aq))
is a faithful map of cyclic complexes.

CI(Hp; Cys) = HEI, g >0,
dMe.. o HY=1hre...0h"
G e.. .o =hre.. . cAW®.. . 0h!
ot ®..oh H=hre.. .0 lel
cilhte..onh=re. . 0chthe.. oht!
(M ®...0h) =S FPe.. . ehel; Ss:=0%S;

=Y (-0 and B = (XLo(-1) Vi) og1(1— (~1)74) -
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Hopf algebra setting

Explicit quasi-isomorphisms

Theorem (AC & HM, [2])

x to®oD: C(ay) - CC*(H, Cs) s quasi- isomorphism ;
o HCU(HyiCs) 2 Y2 HE ¥ (a5 C)

O HP.(H”;C5) = ?EO(HIOC[Z) HCq(a”;C) '

o HP*(Hn, 0niCs) = 0., (oaz) He (@n, Oni C)

v

Corollary

e Let ChA(Gn, Q*(PR)) = Im(D) C C3,(Gn, X*(PR)).
Then both D: C(an, On) = Cp A(Gn, *(PR™))  and
X1 o®p: CA(Gn, U (PR")) — CC*(Hn, On; C;)  are quasi-iso .

Outcome: isomorphism to differentiable G,-equivariant cohomology

o

Since  H2(an, On) 25 H(Gn, 2*(PR")) <> H3(Gn, Q*(PR"))
— Xd = te0 (X Lo ®p)7L: HP*(Hp, On; C5) —> H(Gn, *(PR™)).
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DG Hopf cyclic cohomology (Gorokhovsky [4])

e For both DG algebras and DG Hopf algebras the cyclic complex is a triple
complex (b, B, d), with the definition of b and B adjusted by appropriate
signs, and with the degree 1 differential d commuting with b and B.

The cyclic resp. periodic cyclic cohomology is defined as the respective
cohomology of the triple complex with finite cochains.

o Let A= @D, 5+ A* be a unital DGA. For c € A®9 of weight m define

_1)gm+m(m-1)/2
R(c) = (=1 (do(eq + Eq))"(c),

m!

where Ly = [b—l— B,ed—i—Ed]; [b, ed] =0= [B, Ed])

R : CC*(A, b,B,d) — CC*(A% b, B) is quasi-isomorphism.
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DG Hopf algebra setting

Cycles over DGA and their characters (cf. [4])

e BBDGA  C(M,G) = B(M,G) x G with ¥ = {Vp,q} m—gim M—p+q
€ ZCX(G,Q2%(M)) is a cycle Cy = {C**(M,G), 6, d;~} over QL(M).
(Cf. general definition in [4], modeled on Lemma 111.2.13).

Character of Cy: Xy = {9p,q} is cocycle € CC*(QE(M) x G), b, B, d)

3p.a(00,01,...,6,) = (—1)io(P=)degbisy  (9)60;--.60,).

Indeed, by Lemma Il 2.13, BHpq = O71 bYp.q + d¥pt1,4 = 0 and
A p— N
Apg(Op, 01, .. 0p-1) = (—1)p+degep =0 dege'%,q(eo’elv s Op).

Character interpretation of ¢

For any cocycle v = {Vp,¢} iedimm_prq € CA(G,Q2°(M)), the cocycles
D () == {P(1p,q)} and R.(Xy) := {R(Ap,q)} are cohomologous,
determining the same class ~ ®,[v] = R.[Xy] € HP* (CX(M) x G).
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Hopf DGA Q*(GL,) and its cyclic cohomology (cf. [4])

o O"(GL,) = C*(GL,) ® A gl}, with the differential d is a (Fréchet) Hopf
DGA, with the product given by exterior multiplication, the coproduct
induced by the product of GL,, the antipode induced by inversion.

e Cyclic complex: Cq(Q*(R”)) ‘= Q*(GL,)®9 = Q*(GL, x - - - x GLy),
b= 00 (-1); = (CLo(=DW V) 0g-1(1 = (-1)97),
dlon®- - ®@aq) = q_ ((—1)deganttdegaay, @ ... da; - @ ay).

. CC‘(Q*(R”) b, B.d)m = CC*(*(R"), b, B, d)/F™Q*(R"),

where FMQ*(R") = {Zal R ®aq | degag + -+ +degag > m}.

Theorem (A. Gorokhovsky)

HCI(Q*(GLy), d)m = > 120 HT2 (W (gln, On)m), VmeZt.

Idea of proof: Hochschild complex of Q*(GL,) (as coalgebra) =
simplicial de Rham complex of the nerve of GL,.
Note also the analogy to Van Est Thm. H3(GL,) = H*(gls, On).
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Action and characteristic map

e Groupoid homomorphism: 7 : R" x G, — GL,(R),
T(x9) = ¢'(x) = (55) € GLa(R)

e DG Hopf action:  Q*(GL,) ® Qi(R" x G,) — QE(R" x Gj),
a(w) =T ()w, acQ(GL,) weQiR"xG,)

e Closed graded trace: j{w = / U, 1:R"x1—=R"xG,
Rn

o O*(GL,)-invariance: j{a(w) = e(a)%w

Tautological characterization of DG Hopf cyclic cohomology

kglal ® a? ® -+ ® a9)(wo, @1, - - - ,Wq) =
(~1)5i 5% § o 01 (3) - ()
is a chain map, inducing &, : HC*(Q*(GL,), d), = HC*(QL(R" x Gp)).
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DG counterpart of ® (A. Gorokhovsky)

M is smooth manifold and G is a subgroup of Diff M.

For o - wp_19p =1, V(y)(woUpywiUp,...,wply,) =

(—1)p(dim M_q)/ (1, 0, P01, - - -, Q0+ Pp1)wowi® - wpE,
M

otherwise V(y)(woUpy, w1Uypy, ... ,wplU,,) = 0.

v CY(G, Q" (M)) — CCP(Q:(M) x G) is a chain map and

o)

Dy =Reo VW, : Z Hq(Mg)_)HP.(CCOO(M)X]g)[I]
g=e(mod2)

DG counterpart of x4 isomorphism

H*(W(gln, On)n) &3 H2(Gn, 2*(R")) 5 H3(Gn, Q*(R")) =

Kd = te o (kLo Wp)7 1 : HP*(Q*(GL,), d)n — H3(Gn, 2*(R™)).
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Definition: Differentiable cyclic cohomology
® A cycle Cy is differentiable if ¥ = {¥p,q} ;,—gim m_psq € Cral(G, 2°(M)).

e The characters X, = {W(9,,4)} with 7 running through C? ;(G,Q*(M))
generate the differentiable cyclic cohomology HP$(Q5(M) x G), while
the retracted characters Y, := R(Xy) = {®(9p,q)} generate the
differentiable cyclic cohomology HPd(COO(I\/l) X G).
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Differentiable cyclic cohomology

Recall the isomorphisms

Xd i= Ls © (X_l o <I>D)*_1 : HP®*(Hp, On; Cs) = H3(Gn, Q*(PR"™))
KRd = Llx © (Kj_l (¢] \U'D)*_l o HP*(Q*(GLn), d)n i H&(ng*(Rn))

Analogue of the Thom isomorphism

HP*(H,, Op; C5) — HP*(Q*(GL,), d)»

Proof The inclusion  C] (Gn; QI(R")) < C} (Gn; Q9(P>R")) (induced
by QI(R") — Q9I(P°°R")) is a quasi-isomorphism for the associated
total complexes. Therefore

Hi (Gn, X (PR"))) = Hi (G, Q7 (R")),

which combined with the two isomorphisms above yields the stated
isomorphism.
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Godbillon-Vey example

e Godbillon-Vey: gv := %dx Adyi Adys € CO(Gy, Q3(F°S1));
1

o (¢) == D(gv)(y) = d (& (log ¥'(x)) log y1 dx);

e ®rsi(y) = x(61) where 47 is the generator of HPY(H1,Cs) ,
defined by  91(fU) = v (log ¢/ (x)) fU, which is algebraic.

e v € CHGy,Q%(FSY)) ~ B € C?(G1,921(SY)) (Bott-Thurston cocycle)
B(p, 1) := d(log ¢’ o) log1)’ , which is transcendental.

e Vg (B) = Psi(B) € HC (C°(S* % Gy)) is Connes’ G-V cyclic cocyle.

Henri Moscovici (Ohio State University) Differentiable Characters and Hopf CC*



ble cyclic cohomology

The general case (cf. [6])

o Let w = (wj’) wh = (y_l)Ldyj-L, be the flat connection form;

. (;S*(wj’.') = wj’: + V}k(@ 6%, which generates curvature on |Ag, FM|;
e the simplicial connection and curvature Dupont’s de Rham complex is:
Op(t; o, ..., pp) i= Z?:o tiot(w), Q:=do+OA W, € Qﬁ(AgnFl\/l);

Qu(ti o, ... 0p) = 3P g dti A pt(w) + 2200 (01 (Q) — ¢F (w) A i (w))
+ 220 o titj o (w) A @ (w).

The Chern-Weil algorithm produces Chern forms ck(Q) and Chern-Simons
forms Tk (&) on |AgPR”"|; using graded commutativity one builds a Vey
basis of Hj(|]AgPR"|), which via §,. yields a basis of H}(G,, Q*(PR")).
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