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The Oka Principle

The Oka principle is about
holomorphic complex vector
bundles on certain complex
manifolds.

It asserts that on these
manifolds, every topological
complex vector bundle carries
precisely one complex
holomorphic structure.

Oka considered the case of line
bundles in the late 1930’s; the
result for general vector bundles
was handled by Grauert about
20 years later.



Polynomial Convexity

Definition
A compact subset X of Cn is polynomially convex if it includes all
points w ∈ Cn with the property that

|p(w)| ≤ max{ |p(z)| : z ∈ X }

for every complex (holomorphic) polynomial function p on Cn.

Example
A compact subset X of C is polynomially convex if and only if its
complement is connected.

Example
The map z 7→ (z, z̄) embeds any compact subset of Cn as a
polynomially convex subset of C2n.



Oka Principle—A More Precise Statement

Theorem
Let X be a compact and polynomially convex subset of Cn, and let E
be a complex vector bundle on X.

(a) There is an open neighbourhood U of X and a complex
holomorphic vector bundle F on U whose restriction to X is
isomorphic to E.

(b) Given another such pair (U ′,F ′), there is an open
neighbourhood U ′′ of X for which the restrictions of F and F ′ to
U∩U ′∩U ′′ are isomorphic as holomorphic vector bundles.

The official and more fashionable statement of the Oka principle
involves vector bundles on Stein manifolds. However here it is simpler
and better to use compact, polynomially convex sets . . .



Polynomially Convex Sets & Banach Algebras, Part I

Let A be a commutative Banach algebra (always with unit, in this talk,
unless obviously otherwise).

Assume that A is finitely generated by a1, . . . ,an ∈ A.

Each multiplicative linear functional ϕ on A (an element of the Gelfand
spectrum), is determined by the complex scalars ϕ(a1), . . . , ϕ(an).

Lemma
The map

ϕ 7−→ (ϕ(a1), . . . , ϕ(an))

embeds the Gelfand spectrum into Cn as a compact and polynomially
convex subset.

Proof. If (w1, . . . ,wn) is in the polynomial hull of the image, then

p(a1, . . . ,an) 7→ p(w1, . . . ,wn)

is well-defined on a dense subalgebra of A, and bounded.



Polynomially Convex Sets & Banach Algebras, Part II

The following Banach algebras will be the stars of this talk. They
generalize the well-known disk algebra.

Definition
Let X be a compact and polynomially convex subset of Cn. Denote by
B(X ) the uniform closure of the complex polynomial functions on X .

Lemma
The multiplicative linear functionals on B(X ) are precisely the
evaluations at points of X .

So:

I The Gelfand spectrum of B(X ) is X .

I The Gelfand transform is the inclusion of B(X ) into C(X ).



Novodvorskii’s Theorem

The main goal of this talk is to explain the proof of the following
beautiful result:

Theorem (Novodvorkskii)
If A is any commutative unital Banach algebra, and if X is the
Gelfand spectrum, then the Gelfand transform induces an
isomorphism in K -theory:

K∗(A)
∼=−→ K∗(C(X ))

This was proved in the very early days of Banach algebra
K -theory.

In view of how B(X ) is defined, there is obviously a close
connection with the Oka principle . . .



Novodvorskii’s Theorem and the Oka Principle
. . . in fact the Oka principle leads without difficulty to a proof.

But the aim here is to develop a proof from something closer to first
principles . . . for reasons that I’ll try to explain in a moment.

Either way, the proof begins with two simple reductions.

First, it suffices to consider finitely generated Banach algebras.

Second, if A is finitely generated by a1, . . . ,an, and has Gelfand
spectrum X ⊆ Cn, then the image of the Gelfand transform is dense
in B(X ) and induces an isomorphism

K∗(A)
∼=−→ K∗(B(X ))

(see later). Because of this, the proof of Novodvorskii’s theorem
further reduces to the case of the Banach algebras B(X ).

So this case will be the focus of the lecture. But first, I’ll examine a
potential noncommutative extension . . . and a potential application.



Hecke Algebras, Schwartz Algebras, C*-Algebras

Let G be a (reductive) Lie group and let K be a maximal compact
subgroup. I’ll take G = SL(2,R) and K = SO(2).

I The Harish-Chandra algebra C(G) is a dense and
holomorphically closed subalgebra of C∗r (G).

I The Schwartz algebra S(G) (à la Casselman) is the convolution
algebra of rapidly decreasing smooth functions on G.

I The Hecke algebra H(g,K ) is the convolution algebra of
(K -finite) distributions on G that are supported on K .

If S is a finite subset of Z, I’ll denote by

H(g,S), S(G,S) and C(G,S)

the subalgebras that transform under the left and right actions of K
according to the weights in S.



Representation Theory and Connes-Kasparov
The famous Connes-Kasparov isomorphism amounts to:

lim−→
S

K∗(S(G,S))
∼=−→ lim−→

S

K∗(C∗r (G,S))

An old question: Can this be understood using the Oka Principle?

The tempered dual (in red) inside the admissible dual. Each sheet is
∼= C, and there is an overall symmetry z ↔ −z.



Hecke Algebras and Schwartz Algebras
Example. For S = {−2,0,2} the algebra H(g,S) may be described
as the algebra of matrix-valued polynomial functions a11(z) (z+1) a12(z) (z2−1) a13(z)

(z−1) a21(z) a22(z) (z−1) a23(z)
(z2−1) a31(z) (z+1) a32(z) a33(z)


with all aij (z) even polynomials (c.f. work of Bernstein Gelfand &
Gelfand).

The algebra S(G,S) may be described similarly, as entire
matrix-valued functions, as above, with all aij (z) in the space

A =
{

a : C entire−→ C : a(z) even & sup
|Re(z)|≤b

|zna(z)| <∞ ∀b ∀n
}

Other cases are similar, and

S(G,S) ∼= H(g,S)⊗Z A

where Z is the center of the enveloping algebra/the even polynomials.



A Noncommutative Oka Principle?

Now let

C =
{

f : C smooth−→ C :
f is even & uniformly Schwartz
class in each strip |Re(z) | ≤ b

}
and consider the base change morphism

H(g,S)⊗Z A −→ H(g,S)⊗Z C

Is it an isomorphism in K -theory?

Simple cases:

I If S has one element, then H(g,S) ∼= Z and the above is the
inclusion of A into C.

I If S = {−1,1} then

H(g,S) ∼=
{[ a11(z) z a12(z)

z a21(z) a22(z)

]
: aij (z) ∈ Z

}



Langlands Classification Theorem in K-Theory?

If there is an Oka principle, then in
the matrix picture of S(G,S) one
can replace holomorphic function
matrix entries with Schwartz
functions without changing
K -theory.

Restriction to the tempered dual
gives

H(g,S)⊗Z C −→ C(G,S) −→ 0

Working instead with C0-functions
in each strip (Karoubi density), the
kernel is Morita equivalent to a
contractible Banach algebra.

This is a manifestation of the Langlands classification.



And Now for Something Completely Different . . .

I am going to put Banach algebras to one side for a while, and
examine briefly a famous issue in topology, famously resolved by the
methods of algebraic topology . . .

The following classic result is a
staple of every first class in
homology theory.

Theorem (Jordan, Brouwer)
The complement of an embedded
(n−1)-sphere in an n-sphere has
precisely two connected
components.



Jordan-Brouwer Theorem

The heart of the proof is the following assertion in singular homology
theory.

Theorem
The complement of an embedded k-cube in an n-sphere has the
singular homology of a point.

It is not true that the complement is contractible (c.f. Alexander’s
horned sphere), so the matter is not altogether straightforward . . .

The proof of the theorem is a wonderful advertisement for the method
of algebraic topology, which here reduces a difficult problem in high
dimensions to the simple, lowest-dimensional case: k = 0.



Proof of the Jordan-Brouwer Theorem

Suppose, for the sake of a contradiction, that the theorem is true for
(k−1)-cubes, but false for a particular embedded k -cube C ⊆ Sn.

Let x ∈ Hp(Sn \ C) be a nonzero class that maps to zero in the
homology of a point.

Let me distinguish between the k -cube C (a product of closed
intervals) and its embedded image C.

Divide C into two equal halves C′, C′′ along a midplane, and consider
the Mayer-Vietoris sequence in homology

· · · → Hp+1(Sn \ C′ ∩ C′′)→ Hp(Sn \ C)

→ Hp(Sn \ C′)⊕ Hp(Sn \ C′′)→ Hp(Sn \ C′ ∩ C′′)→ · · ·

It shows that x maps to a nonzero class in one of Hp(Sn \ C′) or
Hp(Sn \ C′′), say in C1 = C′.



Proof of the Jordan-Brouwer Theorem, Continued
Now repeat, dividing C1 into equal two halves along a midplane that
is parallel to the first cut.

For one of the two halves, call it C2, the image of x under

Hp(Sn \ C)→ Hp(Sn \ C1)→ Hp(Sn \ C2)

is nonzero. Continue in this way, thereby obtaining

Hp(Sn \ C)→ Hp(Sn \ C1)→ Hp(Sn \ C2)→ Hp(Sn \ C3)→ · · ·

with the image of x nonzero in each group, and hence nonzero in

lim−→Hp(Sn \ Cj ) = Hp(Sn \ ∩Cj )

Contradiction, because ∩Cj is a (k−1)-cube.



QED

Why did I show you this argument?

Because Novodvorskii’s theorem is proved in almost exactly the same
way (of course) . . .



Banach Algebra K-Theory

Now let me return to Banach algebras and K -theory.

The proof of Novodvorskii’s theorem will require

I Some elementary facts about Mayer-Vietoris sequences, all of
them simple consequences of the usual six-term exact
sequence for an ideal.

I A less well known theorem about Mayer-Vietoris sequences, due
to Jean-Benoît Bost.

I Gelfand’s theorem about invertible elements and the Gelfand
transform, and its consequences for K -theory.

I The continuity property of K -theory (compatibility with direct
limits)

I The application of the above to prove a fundamental
Mayer-Vietoris theorem for the algebras B(X ).



Mapping Cones the Six-Term Exact Sequence
The mapping cone of a Banach algebra morphism ϕ : A→ B is

MC(ϕ) =
{

(a, f) ∈ A⊕ C([0,1],B) : ϕ(a) = f(0) and f(1) = 0
}

The suspension of the Banach algebra B is of course

Susp(B) = { f ∈ C([0,1],B) : f (0) = 0 = f (1)
}

There are Banach algebra morphisms

Susp(B)
ι−→ MC(ϕ)

π−→ A

given by inclusion and projection, and they induce a six-term mapping
cone exact sequence in K -theory

K0(MC(ϕ))
π∗ // K0(A)

ϕ∗ // K0(B)

ι∗

��
K1(B)

ι∗

OO

K1(A)
ϕ∗

oo K1(MC(ϕ))
π∗
oo



Double Mapping Cones
The double mapping cone DMC(ϕ,ψ) associated to a diagram

B

ϕ

��
C

ψ
// // D

is the Banach algebra

DMC(ϕ,ψ) =
{

(b, f, c) ∈ B⊕ C([0,1],D)⊕ C

: ϕ(b) = f (0) and ψ(c) = f (1)
}

There is a six-term double mapping cone exact sequence

K0(DMC(ϕ,ψ)) // K0(B)⊕ K0(C) // K0(D)

��
K1(D)

OO

K1(B)⊕ K1(C)oo K1(DMC(ϕ,ψ))oo



Mayer-Vietoris

A commuting square
A //

��

B

ϕ

��
C

ψ
// // D

has the Mayer-Vietoris property if the canonical morphism

A −→ DMC(ϕ,ψ)

induces an isomorphism in K -theory.

If so, there is a Mayer-Vietoris sequence

K0(A) // K0(B)⊕ K0(C) // K0(D)

��
K1(D)

OO

K1(B)⊕ K1(C)oo K1(A)oo



The Basic Mayer-Vietoris Theorem
Here is the basic result about Mayer-Vietoris from the textbooks:

Theorem
If commuting square of Banach algebras

A //

��

B

ϕ

��
C

ψ
// D

is a pullback square, and if one or both of the morphisms ϕ or ψ is
surjective, then the square has the Mayer-Vietoris property.

The pullback condition is

A
∼=−→ { (b, c) ∈ B × C : ϕ(b) = ψ(c) }

The theorem is a consequence of the six-term exact sequence for an
ideal (indeed it is equivalent to it).



The Range Plus Range Theorem (Theorem B)
I shall require the following interesting strengthening, due to Bost:

Theorem
If a commuting square of Banach algebras

A //

��

B

ϕ

��
C

ψ
// D

is a pullback square, if

ϕ[B] + ψ[C] = D

and if one or both of the morphisms ϕ or ψ has dense image, then the
square has the Mayer-Vietoris property.

This is a non-theorem from the point of view of C∗-algebra theory, but
it is very significant within the context of complex variables.



Gelfand’s Theorem

The following is a famous early result of Gelfand:

Theorem (Gelfand)
An element of a commutative Banach algebra with unit is invertible if
and only if its Gelfand transform is invertible

Recall that its proof introduces complex analysis into Banach algebra
theory.

The result generalizes to n×n matrices over a commutative Banach
algebra, because such a matrix is invertible if and only if its
determinant is invertible.



Gelfand’s Theorem and the Karoubi Density Theorem

Theorem (Karoubi Density)
Let α : A→ B be an injective morphism of unital Banach
algebras with dense image. If

α[GLn(A)] = GLn(B) ∩ α[Mn(A)]

for all n, then α induces an isomorphism in K -theory.

Theorem (Gelfand & Karoubi)
If a morphism α : A→ B of commutative unital Banach algebras
has dense image, and if it induces a homeomorphism

Spec(B)
∼=−→ Spec(A),

then α induces an isomorphism on K -theory.

Application: reduction of Novodvorskii theorem to B(X ).



Continuity of K-Theory

Direct limits require a bit of care in the Banach algebra context. But if
we require the morphisms in a diagram

A1 → A2 → A3 → · · ·

to be contractive, then the direct limit exists, and:

Theorem
The induced morphism

lim−→K∗(Am) −→ K∗(lim−→Am)

is an isomorphism of abelian groups.

Corollary
If X1 ⊇ X2 ⊇ · · · , then

lim−→K∗(B(Xm))
∼=−→ K∗(B(∩Xm))



Mayer-Vietoris Property for the Banach Algebras B(X)
And now, a decidedly nontrivial result, really the main issue:

Theorem
Let X be a compact and polynomially convex subset of Cn. Let α be
an R-linear functional on Cn and let c ∈ R. If

X ′ = { z ∈ X : α(z) ≤ c } and X ′′ = { z ∈ X : α(z) ≥ c }

then the commuting square

B(X ) //

��

B(X ′)

��
B(X ′′) // // B(X ′ ∩ X ′′)

of restriction morphisms has the Mayer-Vietoris property.

This almost follows Bost’s theorem: by Cartan’s Theorem B, any
function holomorphic in a neighbourhood of X ′ ∩ X ′′ is a sum of
functions holomorphic in neighbourhoods of X ′ and X ′′ . . .



Proof of the Mayer-Vietoris Property for B(X)

The proof of the above MV theorem uses a series of approximations,
using direct limits and the Gelfand-Karoubi theorem.

First:

I One can replace K∗(B(X )) by lim−→K∗(B(Xm)) for any sequence
X1 ⊇ X2 ⊇ · · · with ∩Xm = X .

I As a result, we can assume that X is a compact polynomial
polyhedron

X = { z ∈ Cn : |p1(z)|, . . . , |pk (z)| ≤ 1 }

I One can combine these points, and use

Xm = { z ∈ Cn : |p1(z)|, . . . , |pk (z)| ≤ 1+1/m }



Compact Polynomial Polyhedra

Here are some ideas of Oka related to polynomial polyhedra:

I Each Xm can be embedded in a polydisk Zm:

Zm = { (z,w) ∈ Cn+k : |z1|, . . . , |zn| ≤ R, |w1|, . . . , |wk | ≤ 1+1/k }

Xm 3 z 7−→
(
z,p1(z), . . . ,pk (z)

)
∈ Zm

I Xm identifies with the vanishing set of the polynomials

qj (z,w) = pj (z)− wj

in Zm. So Xm is now the intersection of an algebraic set with a
polydisk.

I A theorem of Oka (essentially) and Allan:

If f is holomorphic near Zm+1 and vanishes on Xm, then
f = h1q1 + · · ·+ hk qk near Zm+1.



An Application of the Gelfand-Karoubi Theorem

Another reduction: define A(Xm) = B(Zm)
/
{ f ∈ B(Zm) : f |Xm = 0 }

Gelfand-Karoubi: A(Xm)→ B(Xm) is a K -theory isomorphism.

Lemma (About Polydisks)
The square

B(Zm) //

��

B(Z ′m)

��
B(Z ′′m) //// B(Z ′m ∩ Z ′′m)

fulfills Bost’s range plus range condition. As a result, the square

A(Xm) //

��

A(X ′m)

��
A(X ′′m) // // A(X ′m ∩ X ′′m)

fulfills Bost’s range plus range condition, too.



Proof of the Mayer-Vietoris Property for B(X)

There is one final detail to be resolved, since it is not clear that the
above square of A(X )-algebras is a pullback square . . .

If A(X ′m,X ′′m) is the pullback algebra, then we have a morphism

A(Xm) −→ A(X ′m,X
′′
m)

and we also have a morphism

A(X ′m,X
′′
m) −→ A(Xm+1)

from the Oka/Allan lemma.

This gives the Mayer-Vietoris property for lim−→A(Xm); hence for
lim−→B(Xm); hence for B(X ).



Proof of Novodvorskii’s Theorem

With this, the proof of Novodvorskii’s theorem very closely follows the
proof of the Jordan-Brouwer theorem . . .

Definition
Let X be a polynomially convex compact subset of Cn. Denote by
D(X ) the mapping cone for the inclusion of B(X ) into C(X ).

Novodvorskii’s theorem for B(X ) is equivalent to:

Theorem
K∗(D(X )) = 0.

I’ll now assume for the sake of a contradiction, the theorem to be
false for X . I shall prove it is necessarily false one half of X , then one
quarter, then one eighth, . . .



Proof of Novodvorskii’s Theorem

Lemma
Let X ⊆ Cn be a polynomially convex compact set. Let α be an
R-linear functional on Cn and let c ∈ R. If

X ′ = { z ∈ X : α(z) ≤ c } and X ′′ = { z ∈ X : α(z) ≥ c },

then the commuting square

D(X ) //

��

D(X ′)

��
D(X ′′) // // D(X ′ ∩ X ′′)

of restriction morphisms has the Mayer-Vietoris property.

This follows from the main theorem on the Mayer-Vietoris property for
B(X ), the much simpler Mayer-Vietoris property for C(X ), and the
six-term exact sequence for mapping cones.



Proof of Novodvorskii’s Theorem

I Use induction on the minimal dimension of an R-affine subspace
of Cn including X .

I Choose α : Cn → R nonconstant on X . Set

a = min{α(z) : z ∈ X } and b = max{α(z) : z ∈ X }

I Cut X along α = (b−a)/2. Repeat. Repeat again.

I Take the (direct) limit.



Thank you!


