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INNA ZAKHAREVICH

Mention: joint work, based off of foundatoinal work of Ponto, Shulman–Ponto, Lind–Malkiewich, many
others. For discrete rings, some of these results are by Lindenstrauss–McCarthy; in our work all maps are
defined for spectral rings.

There are two different perspectives coming together in this talk. The first is that THH and related
structures, which are often used as computational tools for K-theory, are themselves interesting invariants
which are worthy of being studied. In particular, they are the natural receptacles for many invariants,
including (in the perspective of this talk) the characteristic polynomial. The second perspective is that
ordinary trace methods, which are often pictured as maps from K-theory, naturally factor through the K-
theory of endomorphisms; in fact, what we usually think of as a “trace” is really not a number invariant but
a morphism invariant.

Disclaimer: The work is done in the world of spectral categories: categories enriched over spectra. There
are many subtle technical points involving the ways that different spectral structures interact with one
another. In particular, Waldhausen K-theory of (something) is naturally a symmetric spectrum, while the
homotopical properties we often want naturally work well inside orthogonal spectra. In fact, it turns out that
the natural objects which arise when studying these questions are bispectra: symmetric spectrum objects
inside orthogonal spectra. In this talk I will be glossing over all of these details, as going deeply into them
will take far more than a single talk. For those interested in the technical details, see arXiv:2005.04334.
Also: in general theorems are true with bimodule coefficients, as well as absolutely; we will not mention any
of these in the talk, but they’re in the paper.

Our first main goal is this:

Theorem 0.1 (Campbell–Lind–Malkiewich–Ponto–Z). Let A be a commutative ring. There exists a map

trc:K(End(A)) TR(A) such that the following diagrams commute:

K(A) K̃(End(A)) K̃0(End(A)) (1 + tAJtK)×

THH(A) TR(A) π0TR(A) W (A)

ι1 χ

g1 ∼=

trcDen trc π0trc ∼=

Here χ is the characteristic polynomial, taking f :A A to det(1 − tf) and trcDen is the usual Dennis
trace.

In particular, what this means is that the characteristic polynomial naturally lives in TR and has a derived
form which is closely related to the Dennis trace.

The first part of the talk will be dedicated to explaining all of the objects and morphisms in these diagrams.
We’re going to give a somewhat nonstandard introduction to K-theory, as we’re trying to simultaneously
motivate its connection to THH and TR.

We’ll begin with THH. We are going to be working with spectral categories: categories enriched in
orthogonal spectra. Traditionally, Hochschild homology is defined using a complex where a ring is put
“around a circle” (draw picture). Face maps are multiplication, degeneracies insert the identity. Topological
Hochschild homology replaces rings with ring spectra. But really all that matters is that we can put things
around a circle, and we know how to eliminate them. So you can take THH of a spectral category by having
the points be spectra and the lines be the objects. (A bit backwards from the way we tend to think about
things, but it’s closely related to string calculus and works well.) More explicitly, THH(C) = |Bcy• (C)|, where
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Bcy• (C) is the simplicial object with

Bcyn (C) =
∨

d0,...,dn

C(d0, d1) ∧ C(d1, d2) ∧ · · · ∧ C(dn−1, dn) ∧ C(dn, d0).

When working with a discrete ring we take the spectral category of perfect modules over HA.
I want to pause for a second here and explain why it makes sense that traces should live in something

that is made out of circles, because this is not an obvious point. Usually, at least when thinking classically,
we think of a trace (for example, of a matrix over a field k) as a number. But this is deceptive: in this case,

a trace is actually a map k k. To see this better, let’s look a the “correct” definition of a trace of a map
f :A A in a symmetric monoidal category where objects are dualizeable. In the case of vector spaces,
a dualizeable object is a finite-dimensional one: the key point is that for an object A there is an object A∗

and a coevaluation map η: I A∗ ⊗A. In this case, we can define a map

I
η

A∗ ⊗A
1⊗ f

A∗ ⊗A ∼= A⊗A∗ ev
I.

This is the trace of f . (Works for matrices!)
In general, we can define a dualizeable object as something akin to an adjoint to a functor: there’s a

second object that is “backwards” and has an evaluation and a coevaluation map to some unit object. This
works in the bicategory of categories, functors, and natural transformations (where dualizeable objects are
functors with adjoints) and in the bicategory of rings and bimodules. But there’s a problem here: you now

have a direction to dualizability! Given an adjoint pair (F a G), the unit is 1C GF and the counit is

FG 1D, and that isomorphism in the middle doesn’t work. This is why we need an extra tool: a shadow.
This is just a functor out of the bicategory that sends all “circles” of morphisms to the same thing. (Do I
want to give the formal definition?) Then we can define a trace of a morphism as a morphism in the shadow
category, and the above definition now works. (Draw the picture!)

A spectral (C,D) bimodule X is a functor Cop ∧ D Sp. In particular, every X(c, d) has a left action
by C and a right action by D.

Theorem 0.2. There is a category of small (pointwise cofibrant) spectral categories where the 1-morphisms
are spectral bimodules and composition is given by the bar construction. This category has a shadow taking
every spectral category C to THH(C).

Kathryn Hess and Nima Rasekh have an awesome new paper where they show that for any bicategory,
THH of that bicategory is the “universal shadow”: all other shadows factor through it. So it makes sense
that traces should live in THH of some variety, since we mentioned that they live in shadows.

So that gives us THH. What is K-theory? We’re going to use the Waldhausen construction, and I’m
going to cheat a little when describing it. If C is a spectral category, then Fun([k]× [k], C) is also a spectral
category. We define SkC to be the full subcategory spanned by the objects of SkC0 (the underlying category
of the spectral category). The extra data turns out to be very important; it provides nullhomotopies which
are crucial in the technical details of some of the general constructions. In general, we define wk0Sk1,...,knC
to be the full subcategory of Fun([k0] × [k1]2 × · · · × [kn]2) spanned by the objects of wk0Sk1,...,knC0. We
define

K(C)n = |obw•S•,...,•C|.

Since wk0Sk1,...,knC is a spectral category, we can ask what it’s THH is. It turns out that THH is
additive, in the following sense:

Theorem 0.3 (CLMPZ, following many others). There is a natural weak equivalence

∨
1≤ij≤kj
1≤j≤n

THH(C) ∼ THH(wk0Sk1,...,kn(C)).

Naturality implies that

|THH(w•S•,...,•(C))| ' THH(C).
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So how do we define the trace? The main idea is very simple: let C be a spectral category. Then there is
a map ∨

c∈ob C

S
pt 7→ 1c ∨

c∈ob C

C(c, c) THH(C).

Applying this to each of the categories defining the K-theory levelwise and taking geometric realization gives
a map K(C) THH(C).

Note that from this perspective we made a choice of endomorphism: the identity. If c ∈ C was decorated
with an endomorphism, we could have taken the map S C(c, c) given by that endomorphism, instead. To

make this formal, let us write End(C0) for the category whose objects are pairs (A, f), where f :A A. A

morphism (A, f) (B, g) is a morphism h:A B making the diagram

A A

B B

f

h

g

h

commute. This can be extended by defining, for a spectral category C, End(C) = Fun(N, C), where N is
considered as an object with a single object and one generating morphism. This construction commutes
with the construction wk0Sk1,...,knC:

End(wk0Sk1,...,kn) ∼= wk0Sk1,...,kn End(C).

What this implies, after tracing through the definition, is that the above construction easily extends to
K(End(C)), and that we get a commutative triangle

K(C) K(End(C))

THH(C)

ι1

trc
trc

Here, ι1 is the functor taking C to (C, 1C). However, there is another natural morphism C End(C),
where C maps to (C, 0C); this functor is denoted ι0. It turns out that the trace factors through the cokernel

of K(ι0); this is denoted K̃(End(C)). This gives most of the left-hand diagram in the main theorem.
Before discussing TR, let us quickly discuss the right-hand side. A result of Almkvist states that the

map K0(End(A))
χ

(1 + tAJtK)× sending (A, f) to det(1 − tf) has kernel the image of K0(ι0) and image

exactly the rational power series. Thus χ is defined on K̃0(End(A)), as desired. This group (in fact, ring)
is isomorphic (as a ring!) to the big Witt ring W (A). A result of Hesselholt and Madsen says that W (A)
is isomorphic to TR(A), so what is left to check in the right-hand map is that this composition is exactly
equal to π0trc (once we define this map).

Let us quickly discuss the big Witt ring. Here, we do not mean a p-typical Witt ring, but rather the ring

relative to Ẑ. Here is a quick explanation for W (Z), which will include all of the combinatorics necessary

to define the general case. Define an almost-finite set to be a set S together with a Ẑ-action, such that the
following two conditions hold:

• The Ẑ-orbit of any point in S is finite

• For all n, SnẐ is finite.

A classical example of an almost-finite set is the set X(k), the k-points of a variety X over a finite field k.

Here, Ẑ is the absolute Galois group of k. We can think of a Witt vector as represented by an isomorphism
class of almost-finite sets. Addition is given by disjoint union; multiplication is given by Cartesian product.

If we want to coordinatize the set, we could count the number of points in SnẐ for all n. Then these would
add under addition and multiply under multiplication; however, as a subgroup of

∏
n≥1 Z it would not be all

vectors, since the number of order-dividing-n fixed points can only grow in certain ways as n grows. On the
other hand, we could count orbits of size n for all n. Now any sequence of numbers would work, and they
would add under addition, but they would behave strangely under multiplication; for instance, the product
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of two orbits of size n is n orbits of size n. These are, respectively, the ghost coordinates and the Cartier
coordinates (or the necklace algebra presentation of the Witt vectors. The category of almost-finite sets is

the limit of a system of categories indexed over the same system as that for defining Ẑ; this is the same
system used to define TR. THH is equipped with a circle action (which makes sense, as it is built out of
circles), and we can define TR as the limit of the fixed points under Cn-actions in the same type of diagram
as the one we just used to define W (A). Thus we see that the question of defining the TR-trace is really the

question of defining iterative traces trcn: K̃(End(A)) THH(A)Cn . In fact, the map g1 that appears in
the left-hand diagram is the first ghost coordinate of TR.

Intuitively speaking, the definition of trcn should involve putting n things in a circle. And, in fact,

this is exactly how we define it! We can extend End(C) to End(r)(C), where objects are r objects with
r morphisms between them, going in a circle. The K-theory of this will map to r-iterated THH via an
analogous Dennis trace. These will all assemble into a map of “restriction systems.” We also have a functor

End(C) End(r)(C) which takes a single endormophism to an r-fold iteration of it. Putting all of these
together (into the correct formal structure) gives a structure compatible with the truncation structure on
W (A). The theorem can then be proved by induction.










