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CRYSTALS

• A crystal or crystalline solid is a solid material whose constituents (such 

as atoms, molecules, or ions) are arranged in a highly ordered microscopic 

structure, forming a crystal lattice that extends in all directions. (Wiki)

Table salt

(NaCl)



CRYSTAL SYMMETRIES

14  Translations + 32 Point group symmetries
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230 CRYSTAL SYMMETRIES



ELECTRONIC STRUCTURE

Stationary electronic state

Many-electron time-independent Schrödinger equation

Energy

Kinetic energy

Potential energy due to charged nuclei (Born-Oppenheimer approximation)

Electron-electron interaction energy

Number of electrons

Hamiltonian



DENSITY FUNCTIONAL THEORY (DFT)

Electron density

Given ground state density the ground state wavefunction

is a unique functional of the electron density

The energy is a funcional of the electron density:

+ many more considerations

Permits, via computational methods

To calculate the energies E(r) 

𝐴𝑔𝐹3



Formation of the electronic

structure

Aprox. 1023 e/cm3
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ENERGY CROSSINGS AT FERMI LEVEL

Band GAP

Related to: 

Conductivity

Band crossings

Related to:  electronic transport and Anomalous

and spin Hall effects

𝑃𝑑𝑁3



Von Neumann-Wigner 

repulsion principle:

The energies of a quantum 

system tend to repel each

other, unless there is a 

symmetry which makes the

energy degenerate.



SPIN AND 
ANOMALOUS
HALL EFFECTS
ARE RELATED

TO 

BAND 
INTERSECTIONS

Hall effect

Spin Hall effect



QUANTIZED 

ANOMALOUS 

HALL EFFECT

EXPERIMENTAL OBSERVATION OF THE 

QUANTUM ANOMALOUS HALL EFFECT 

IN A MAGNETIC TOPOLOGICAL 

INSULATOR
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ANOMALOUS HALL EFFECT

Anomalous Hall conductivity

Berry-phase curvature

Of the Berry-phase connection
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First Chern number (chirality)



SOME STRUCTURES UNDERLYING
WAVEFUNCTIONS

Geometrical symmetry of the cristal

Spin-orbit coupling (SOC)

Metasymmetries (time reversal, particle hole symmetry, chiral

symetry)

Hamiltonian

In momentum coordinates



GEOMETRICAL SYMMETRIES

No SOC

Spin-Orbit coupling

Lattice

vectors



MOMENTUM COORDINATES

Bloch’sTheorem

𝒂 Lattice vector

𝑻𝒂 translation by 𝒂

𝑻𝒂 𝒙 = 𝒙 + 𝒂

𝑻𝒂 𝒌 = 𝒌

ۧ𝑻𝒂|ψ 𝒌 = 𝒆−𝒊 𝒌∙𝒂 ۧ|ψ 𝒌

Screw rotations elements act

by multiplying by a phase



METASYMMETRIES

Time reversal

symmetry
t → -t

Particle Hole

symmetry

Chiral

symmetry

𝕋
𝕋2 = ±1

𝕊 = ℂ𝕋

ℂ
ℂ2 = ±1

𝕋𝐻 −𝒌 𝕋−1 = 𝐻(𝒌)

ℂ 𝐻 𝒌 ℂ−1 = −𝐻(𝒌)

ℂ 𝕋𝐻 −𝒌 𝕋−1ℂ−1 = −𝐻(𝒌)

Antiunitary

Antiunitary

Unitary



TEN-FOLD WAY (TOPOLOGICAL K-THEORY)

Metasymmetries

T: time reversal symmetry (antiunitary)

C: charge conjugation symmetry

(antiunitary)

S=TC : (unitary)
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Some topological invariants

Real (symplectic), equivariant and 

twisted K-theory

Non-

Symmorphicity

+ SOC

Metasymmetries

Point group

symmetries Dimension of the

crystal

Topological

insulator

invariant



Timeline of topological quantum phases

Rev. Mod. Phys. 93, 025002 (2021)



Timeline of topological quantum phases

Nature Materials 20, 293 (2021)



Bi2Se3
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Topological insulator

Topological insulator = insulating in bulk, but completely metalic at boundaries (protected Surface states)

https://www.youtube.com/watch?v=ny0KvKknQig

https://www.youtube.com/watch?v=ny0KvKknQig


Timeline of topological quantum phases

Nature Materials 20, 

293 (2021)

Rev. Mod. Phys. 93, 

025002 (2021)



hourglass 

dispersion 

RG, ET, BU. Physical Review Materials 4 (12), 124203 (2020)

accordion 

electron-

dispersion 

‘Weyl points in 

nonsymmorphic hexagonal 

materials (AuF3)’
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Timeline of topological quantum phases



Topological quantum phases

DSM WSM TNLSM
Rev. Mod. Phys. 93, 025002 (2021)



Topological quantum phases

And the magnetic

materials?



What is quantized in a 3D TI?

The angle θ is periodic and odd under TRS.   

A TRS-invariant insulator can have two possible values: 0 or π. 

This explains a number of properties of the 3D topological insulator when its surfaces
become gapped by breaking TRS-invariance

Particle physicists in the 1980s considered what happens if a 3D insulator creates a new term
(“axion electrodynamics”,Wilczek 1987) 

Topological Phases of Matter (2021) R. Moessner, J. Moore



Breaking of time-reversal symmetry by bringing magnetic order to the TI system, either by doping with

magnetic impurities or proximity coupling to a magnetic insulator (MI). 

What is quantized in a 3D TI?

DOI: 10.1002/adma.202102427   (2021)



Axion insulators are materials where time reversal symmetry T is broken and where the
Chern-Simons axion coupling:

is non-trivial with θ = π and its protected by another symmetry.   The linear magnetoelectric
polarizability is defined as:

Bulk Θ is defined mod 2 π

Axion insulator

Journal of Applied Physics 129, 141101 (2021)



Axion insulators are materials where time reversal symmetry T is broken and where the
Chern-Simons axion coupling:

is non-trivial with θ = π and its protected by another symmetry.   The linear magnetoelectric
polarizability is defined as:

Bulk Θ is defined mod 2 π

Axion insulator

Journal of Applied Physics 129, 141101 (2021)

Hence the symmetries that quantize θ 
can be taken to be: 



Θ = π Θ = π 

= 0

-

= π

If the surface is metallic

surface AHC = 0

The surface is gapped

surface AHC = ±e2/2h

Surface anomalous Hall conductivity

Vanderbilt’s Book

Journal of Applied Physics 129, 141101 (2021)



The (0001) surface state breaks the Tt1/2

symmetry of the AFM-z state is gappedPhys. Rev. X 9, 041038 (2019) 

Insulating

M
e
tallic

MnBi2Te4

Good underestanding of the gapping

(or lack of) surface Dirac cones?



Surfaces of axion insulators, Nicodemos Varnava and David Vanderbilt. 
Phys. Rev. B 98, 245117 (2018)

Pyrochlore lattice (model)

All-in-all-

out

(AIAO) 

magnetic

insulator

hopping spin-orbit coupling exchange



TB model (pyrochlore lattice)

PRB 98, 245117 (2018)
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Surface band structures for (a-b) (111) surfaces. e. (a) Strong TIs, H (t, λ, ∆) = (1, 0.1, 0), with protected metallic surface

states. (b) Axion insulators, H(t, λ, ∆) = (1, 0.1, 0.4); note gapped surface states on the (111) surface.

(a) Layer-resolved partial Chern number C(l) as a function of layer depth l for slabs along (111) and (001) directions. For
both slabs the bulk parameters are (t, λ, ∆) = (1.0, 0.1, 0.4) corresponding to the axion phase. (b) Integral of C(l) over a 
surface region extending to depth n.

Blue (red) bands are 
localized on the
bottom (top) surface

Phys. Rev. B 98, 245117 (2018)

Top. Ins. Axi.  Ins.



A new axion insulator: NpBi

RGH, C. Pinilla, B. Uribe (2022)

https://arxiv.org/abs/2206.09815

Np

Bi

Θ = π 

Genarators:



Θ = π 

arxiv.2206.09815 (2022)



The band inversion on a system preserving both I and the C2zT symmetry, we have
constructed a 4 × 4 Hamiltonian with the following form

with matrices:

Axion insulator: k.p model

RGH, C. Pinilla, B. Uribe (2022)

https://arxiv.org/abs/2206.09815

Θ = π 



(111)

arxiv.2206.09815 (2022)
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Gapless hinge states for the equivalent ⟨110ۧ directions of the NpBi material. 
Chiral hinge states generate an octahedral macroscopic crystal with eight faces 
which correpond to the equivalent {111} surfaces. Blue and red surfaces indicate
negative and positive hq-sAHC. Black arrows show the circulation of the chiral
hinge state, where clockwise rotation corresponds to negative hq-sAHC. 

Gapless hinge states

arxiv.2206.09815



arxiv.2206.09815 (2022)



• Using an effective Hamiltonian model and first-principles calculations, we show 

that the occurrence of bulk-band inversion and nontrivial K-theory Kane-Mele

invariant index can be observed in axion insulators of the pnictides family. 

• NpBi can be classified as an axion insulator due to the detection of topological 

indicators such as the quantum spin Hall effect, gapped surface states, surface 

quantized anomalous Hall effect, and chiral hinge modes.

Conclusion and outlook 



K-theory invariant (for 𝐶2𝑇)
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First-principles calculations were performed within the density functional theory
(DFT) formalism, as implemented in the Vienna ab-initio simulation package (VASP).  
[48]. Exchange-correlation effects were included using the generalized gradient
approximation (GGA) with the Perdew-Burke-Ernzerhof (PBE) parametrization. The
cutoff parameter for the electronic wave functions was set to be 520 eV. A Γ-
centered grid of 10×10×10 k-point was used to sample the Brillouin zone (BZ). The
phonon spectrum was obtained by the phonopy code within the density function
perturbation theory using a 2×2×2 q-point grid. The Fu-Kane-Mele invariant was
calculated from the inversion symmetry eigenvalues at the high-symmetry points of
the BZ using the irrep package. 
By projecting the Bloch states into Wannier functions (WF) (Np-f and Bi-p), we built a 
tight-binding model based on maximally localized Wannier functions (MLWF). The
surface states and surface Berry curvature were computed using a 121×121 k-mesh
into the iterative Green’s function approach as implemented in the WannierTools
package. 

Computational method


